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Teaching Number Theory from Scratch 

 
Abstract: This article describes my experience of teaching an experimental and inquiry-based number 

theory course aimed at prospective and beginning math majors. The course was structured around a 

single question; students worked together over the semester to formulate a conjecture, develop a 

strategy, and write a complete proof. I outline my takeaways from teaching the course and argue for the 

usefulness of courses which let students to do mathematics “from scratch” at all levels of the 

undergraduate curriculum. 
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* * * * * 

 

On the first day of my Number Theory class, I tell the students that this course is an experiment. The 

aim is not to teach them any particular body of knowledge in math, but to show them what it's like to 

discover new math. They are at the start of their college math careers, and I want them to know what 

mathematicians actually do. In this class we'll try to do all the work by ourselves—to build the tools we 

need to answer our own questions. The goal for the semester is to resolve a question of Fermat: which 

integers can be represented as a sum of two squares?  

 

I pair up the students and give them intervals to test. By the end of the class period, we are staring at a 

table of sums of squares from 0 to 100. The students are already formulating conjectures and debating 

strategies. The classroom, quiet at first, is now humming with energy. 

 

Active learning and inquiry-based learning are overwhelmingly supported by STEM education 

research, and endorsed by the Conference Board of the Mathematical Sciences [2, 3]. Inquiry-based 
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learning in math tends to reduce gender gaps and improve student outcomes overall [5]. Most 

established active learning models shift agency from instructors to students at the level of individual 

topics and assignments [1]. The question that motivates this article is how to give students agency over 

the entire direction of the course. The from-scratch model I propose takes student-centered learning to 

its extreme: no lectures, no textbook, no source materials, and no set plan of topics for the semester. 

The instructor gives traditional assignments, but the main goal of the course is a collaborative project 

for which the students choose their own plan of attack. The course content centers on their discoveries. 

 

I taught Number Theory from Scratch as an honors seminar at a large public research university, in 

spring 2017. When I told colleagues about the course, they responded with understandable skepticism. 

Teaching from scratch involves a lot of uncertainty, with the potential for wasted time and frustration. 

The most common question I got, in one form or another, was “what happens if the students get stuck?” 

What if they get frustrated and give up, or look up the answer? I shared these concerns, but overall the 

course succeeded beyond my expectations. This article is limited to one case study, and more trials are 

needed. But my personal experience suggests that any mathematician can teach a successful course 

from scratch, as long as they have the right structure, the right question, and the right attitude. I will 

outline the structure and timeline of my course, with some suggestions for how it could be adapted to 

other contexts. Then I will describe my takeaways from teaching the course, concerning the 

assignment, my role in the classroom, and the students' experience. I am relying on students' feedback 

from three sources: an anonymous survey given halfway through the semester, a class discussion at the 

end, and anonymous course evaluations.  

 

Background on the Course 

The heart of the course was the from-scratch project on sums of squares. Once a week, for roughly half 
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a class period, the students had time to discuss the problem, setting their own agenda. For each class 

discussion, one student was designated as scribe, taking notes and writing them up in a shared TeX file. 

The final assignment was a paper, written collaboratively by the whole class, presenting a complete 

characterization of sums of two squares and a rigorous proof. Watching the proof take shape was one of 

the great pleasures of the semester. The project gave students a feeling of purpose and incremental 

progress. The most exciting moments of class time were breakthroughs on the conjecture and proof. 

The project motivated the more traditional features of the course: problem sets, a take-home exam, a 

research paper, in-class activities, and even a few short lectures. When students learned a new tool, they 

were excited to apply it to the project.   

 

The course had seven students: six men and one woman. It met for two 75 minute periods per week 

over a semester. The students were first-years and sophomores, interested in mathematics as a potential 

major or minor. I designed the course as an alternative to a typical introduction to proofs. The 

circumstances of the course were atypical in some ways. We had a low initial enrollement of 12, and 

high attrition. Three students dropped the course early in the semester, and two more dropped in the 

first month. This was mainly due to external factors: because the course was new, it was purely elective 

and did not satisfy major requirements. The number of credits was too low for the workload. Students 

who dropped reported not having enough time to devote to it as a fourth or fifth course. The remaining 

students were a self-selecting group, and they approached their work with an exemplary level of 

enthusiasm and dedication. However, they represented a variety of mathematical abilities and 

backgrounds. 

 

While I cannot draw firm conclusions from one course, I believe that the from-scratch model could be 

adapted to almost any academic environment that has a goal of introducing students to the process of 
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mathematical research. I want to emphasize that although the students in my course were hardworking 

members of the university's honors program, they were not unusually accomplished in college-level 

mathematics. Most were also enrolled in multivariable calculus, and had no experience writing proofs. 

Moreover, a from-scratch assignment could be adapted to a wide variety of student levels, as I will 

discuss in the Choosing a Problem section below—it need not be pitched to honors students. Having a 

small class size allowed me to give individualized instruction and feedback on proof-writing, which 

was advantageous. On the other hand, a larger class might have had more energized group discussions. 

The main requirement is that the class should not be too big to have discussions where every student 

can participate. 

 

Teaching from scatch required a large time commitment from me, but I would attribute much of this to 

the fact that I was teaching the course for the first time. When I teach it again, I will have a clearer 

sense of how to organize assignments and class time, and I will not need to do very much preparation 

in advance of the semester. Preparation for individual class sessions consists of reading and reviewing 

students' work and setting goals. It is important to show up for class with the presence of mind to listen 

carefully and thoughtfully guide student discussions; this is not always easy! One potential challenge 

for instructors is that teaching from scratch requires flexibility. The instructor must have departmental 

permission and personal bandwidth to change plans over the semester. I adapted course content to the 

students' direction in several ways I will describe below. It was advantageous to choose a subject I 

know very well.  

 

Course Structure 

In retrospect, I see three parts in the timeline of the course: six weeks of rapid discovery and conjecture 

formation, three weeks of frustration with more technical steps, and then four weeks of gradual 
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progress toward the complete solution. I will try to tell the story of how the from-scratch project 

developed in each part, and how it related to other course material.  

 

In the first part of the course, my goal was to introduce the students to the vocabulary and proof 

techniques they would need to complete the project. I wrote a brief handout on the axioms of integer 

arithmetic and a list of 70 problems, mostly proofs of simple propositions. Weekly homework 

assignments were taken from this list. Outside of work on the project, class time was spent with 

students working in pairs on problems or presenting solutions at the board. I gave a few short lectures 

to underline key tools: the greatest common divisor, unique prime factorization, modular arithmetic. 

The problems became entry points to discuss proof strategies like unraveling definitions, working 

backward, contradiction, converse, contrapositive, and proof by induction. The project served as 

motivation to master these skills. Without a textbook to consult for instructions, students found the 

homework challenging but rewarding. They reported learning especially well from collaborating with 

peers on problem sets, and from seeing peers present solutions in class. I saw every student’s proof-

writing dramatically improve. I gave a take-home midterm exam, with problems comparable to the 

homework problems, to solidify students' understanding and confidence with proof techniques.  

 

Discussions in the first part of the course focused on identifying patterns. On the first day of class, 

looking at their tables of sums of squares, the students rapidly made a key discovery: if m and n can be 

represented as sums of two squares, then so can mn. A student was able to prove the result the 

following week, by direct algebraic manipulation, and they named it after her. This insight framed 

subsequent discussions—students got interested in the factorization of integers that can be expressed as 

a sum of two squares, and realized that prime numbers would be important. As we covered prime 

factorization in class, students perked up their ears because the topic was relevant to the from-scratch 
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project. It was a slower process, with false starts and blind alleys, to address the problem of classifying 

prime sums of squares and make a conjecture: a prime p  is a sum of two squares if and only if it is 

congruent to one or two modulo four. Students first phrased this as a statement about certain pairs of 

consecutive primes: primes separated by two have opposite behavior, while primes separated by four 

have the same behavior. Eventually, they could translate this into the language of modular arithmetic 

that they were learning, and could prove the easier, “only if” part. After this discovery, I encouraged the 

class to try to state a complete characterization of integer sums of squares. I had given the students very 

little input beyond the initial problem, but at this point they needed me to clarify that I was looking for 

an “if and only if” statement, and that a description in terms of prime factorization would be sufficient. 

It took two more weeks of puzzling over the details, but the students arrived at a correct formulation: 

per their paper, 

 “For n ∈ ℕ, let n be written as the product of its prime factors n = p1k1 *** prkr. Then there exist 

 a, b ∈ ℕ  such that n = a2+b2 if and only if for all i = 1, 2,... r, at least one of the following 

 conditions applies: 

(1) pi = 2 

(2) pi ≡ 1 mod 4 

(3)  ki  is even.” 

 

The course topics for the second half of the semester were not set in advance. This was challenging for 

me—I needed to be flexible and take my cues from the students. I gave homework assignments due 

every two weeks instead of every week. Two of these assignments focused on properties of quadratic 

residues modulo a prime p, first gathering data and formulating conjectures, then guiding students step 

by step through some more advanced proofs. We had open-ended class discussions looking at the lists 

of quadratic residues modulo various small prime numbers. In one discussion, the class came close to 
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discovering the quadratic reciprocity law, but they did not quite reach it. I did not push them further in 

this direction in part because it was beyond the scope of the project. Only a relatively low-lying 

proposition is really important to the sum of squares question: that -1 is a quadratic residue modulo p if 

and only if p is 1 or 2 mod 4.  This part of the course was a period of frustration for the students, but it 

ended up being valuable for their learning. They saw more challenging mathematics and realized how 

much they still needed to learn.  

 

In project discussions during these weeks, I asked students to brainstorm possible strategies to prove 

their conjecture, without worrying about the details yet. Progress was very slow, especially on the most 

challenging part of the proof: if p is prime and 1 mod 4, then p is a sum of two squares. This step 

requires ingenuity and admits many approaches: from infinite descent, the geometry of numbers, 

Gaussian integers, the classification of quadratic forms, and more. I planned to take my cues from the 

class. For example, if they discussed interpreting a2+b2 as a squared distance between two points, I 

would give them more background information on the geometry of numbers. If they considered 

factoring it as (a+bi)(a-bi), I would provide information on Gaussian integers. But my class was very 

focused on the multiplicative structure among sums of squares, and on setting up intricate induction 

arguments, suggesting an infinite descent approach. They realized that they could use quadratic 

residues to prove that some multiple of p was a sum of squares. Their conversations kept revolving 

around a hypothetical converse to their first discovery: if mn is a sum of squares, then so are m and n. 

This is false, as the example m = n = 3 illustrates. The class was aware of this counterexample, but 

they kept trying to prove something like the desired converse, and they kept hitting the same obstacles. 

Eventually, they arrived at a better statement: the converse is true if m and n are assumed to be 

relatively prime. But it was unclear how this hypothesis could be used in the proof, and the algebra 

involved seemed daunting.  
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In the final weeks of the course, roughly half our time was spent on finishing the from-scratch project, 

and the other half was spent with students working in small groups on five-page research papers, on 

topics building off the from-scratch project. One group chose to learn about primes in arithmetic 

progressions, while the other studied quadratic forms beyond  a2+b2. I gave each group a textbook 

chapter to read, their only assigned reading in the course. My hope was that the research paper 

assignment would expose students to different ways of writing about number theory, and that they 

would bring the independence they had developed in the from-scratch project  to learning a more 

advanced topic. In retrospect, however, this was too much to ask of students in one semester. The 

results were successful, but students were heavily dependent on my help to set goals for their papers, 

and they were stressed out by the assignment. The next time I teach the course, I will instead ask the 

students to work individually or in pairs on brief appendices to full class paper, with each appendix 

expanding on or explaining some loose end from class discussions. This assignment would be more in 

keeping with other course goals. 

 

In the final part of the course, we discussed the from-scratch project almost every day. I began to play a 

larger role in setting the agenda for these discussions: I would ask the class to investigate a particular 

part of the question, or prove a particular lemma. I still took my cues from the plan that students had 

formed on their own, and I still didn’t give answers, but I guided discussions. The students made 

progress in setting up the algebra to prove the modified converse statement they had formulated. But it 

still seemed very difficult. I was deeply gratified when a quiet student suddenly took the lead in 

discussion, suggesting an alternate inductive argument based on factoring out primes one by one. As he 

struggled to articulate his idea, it gradually became clear to everyone in the room that he had overcome 

the main obstacle to a complete proof. Moments like this were thrilling for the class, and enhanced 
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every student's appreciation of mathematical creativity. His peers agreed to his strategy without input 

from me, but they could not quite organize their thoughts to complete the argument on the spot. 

Because we had limited time remaining in the semester and I was concerned that the idea might get 

lost, I intervened at this point. I wrote up the proposed strategy as clearly as I could, and proposed a 

sequence of steps to fill in the details. Finishing these steps became the last homework assignment. 

After this, the students had every piece they needed for a complete proof. It took a few more 

discussions for everyone to understand how the pieces fit together, and how to write up the complete 

argument. 

 

Meier and Rishel argue that narrative formation is central to students' mathematical comprehension, 

and advocate writing assignments closely tied to class discussions [7]. My experience bears out their 

claims. The students' paper recorded the evolution of their narrative on sums of squares. Each week, a 

student scribe posted a new draft of the paper on the course moodle site, and we reread it as it grew in 

sprawling fashion. Some scribes wrote in the distilled style of a mathematical paper; others tried to 

capture all the interesting points from a discussion. There were tables, propositions and proofs, vague 

ideas and dead ends. I edited each section, and when the proof was finished, each student trimmed and 

cleaned up one of their peers' sections. This was helpful for standardizing notation and cutting some 

unnecessary steps, but even after editing the form of the paper was very loose. It contained a complete 

proof but did not follow the most logical structure. As one student pointed out, the final product was 

almost beside the point: the assignment was “about the journey.” 

 

The following sample illustrates the style of the final paper. It appears in the first section, following a 

table of sums of two squares under 100: 

 “The most obvious conjecture that can be made from this is that a perfect square will always be 
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 a solution since itself plus 0 is a sum of two squares. A less obvious, but arguably more 

 important conjecture is that a product of two solutions will always result in a new solution. This 

 conjecture is proven below in Theorem 3.1, and it allows for the use of prime factors in 

 determining if a number is a solution. This is due to the fact that if all of a number's prime 

 factors are solutions, it will be a solution itself since it is just a product of its prime factors.” 

The presentation of an obvious conjecture followed by a much less obvious one repeats the trajectory 

of the first class discussion. The language is slightly clunky, reflecting an evolving understanding of the 

problem. In the last sentence, I can hear the student scribe thinking through the significance of primes 

to the project, learning as he writes. 

 

Instructors seeking to adapt the from-scratch model to other curricular contexts might adjust the goals 

of the assignment, or the ratio of from-scratch to traditional course content. Whatever the content of the 

assignment, a primary goal is to develop the skill set of independent mathematical research: creativity, 

persistence, collaboration. My experience suggests a fundamental course design principle: every 

component of the course should be somehow in service of the from-scratch project. It should introduce 

content relevant to the project or develop skills necessary for the project. This principle is in accord 

with the DNR paradigm advocated by Harel [4]; it creates duality between the skills students acquire 

and their deepening understanding of the project, necessity for the students to learn new ideas in order 

to make progress on the project, and repeated reasoning connecting regular homework assignments to 

the project. Placing the project at the center of the course will ensure that students have agency over the 

entire course. This makes the course feel focused and memorable to the class.  

 

Choosing a Problem 

The right problem should start simple and unspool in surprising directions. A proof that comes down to 
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one brilliant idea, however mathematically interesting, will not work as a from-scratch project. It is 

vital that the proof can be broken down into small steps. Like a good story, it should have plot twists 

that come unexpectedly but feel natural in retrospect. For me there are two illuminating surprises in the 

answer to Fermat's question: the multiplicative structure among all integer sums of squares, and the 

modular structure among prime sums of squares. There was actually laughter in the classroom when 

students discovered the modular structure! Where on earth were these patterns coming from? 

 

Fermat's question is the content of one or two lectures in a typical introductory number theory course. I 

chose it as a focus it because it can be broken into small steps, and because most of the tools of 

elementary number theory can be brought to bear on it. There are many small discoveries on the way to 

a correct statement, and many possible paths to a proof. I chose a topic I know well, so that I had an 

instinctive sense of which student directions might bear fruit. I did not have a particular direction of 

proof in mind. Although I certainly guided the final proof, I took cues from the students. An instructor 

braver than me might decide to choose a question which seems interesting and tractable, without 

knowing the details of the answer. This would change the classroom dynamic, making the instructor 

more like a collaborator with the students.  

 

Any accessible area of mathematics could yield a problem. Conic sections, non-Euclidean geometry, 

Catalan numbers, knot invariants, hypergeometric functions and more come to mind. I would 

encourage prospective instructors to choose a topic they know and love. Moreover, a from-scratch 

question could be tailored to any level of student, as long as the expectations for the final project are 

shifted accordingly. A course pitched to less advanced students could have the end goal of discovering 

a pattern and formulating the correct statement, without a rigorous proof. For more advanced students, 

the course could be built around a question that requires more technical vocabulary. One could also 



12 

build a from-scratch course around a current research question, but there are advantages to borrowing a 

classic. Plucking a historic problem guarantees an interesting answer and motivates students to learn 

the mathematics that grew out of it.  

 

The Instructor's Role 

Teaching from scratch requires a somewhat new skill set, related to that of inquiry-based instruction 

more generally. In all aspects of the course, I played the role of framing and setting up structures for 

class discussion. In discussions of the from-scratch project, I tried not to be a leader. Instead, I acted as 

facilitator, supporter, and, crucially, cheerleader. Highlighting and appreciating students' progress is one 

of the easiest ways to keep the class moving forward. Nevertheless, I experienced many moments of 

frustration, when class discussion seemed to be going nowhere and I was tempted to take the lead. I 

forced myself to hold back so that students would learn to guide each other. Frequently I kept 

completely silent. We had five-minute periods (which felt much longer) of silence in the classroom. I 

worried about the utility of these silences, and once asked the students about them: did their minds 

wander? But students were actually grateful for the time to think. One student admitted that his mind 

did sometimes wander during the silences, but said that was an important part of his creative process.  

 

I often framed my contributions to class discussion as questions, and I chose my questions carefully. 

Asking artificial, leading questions is no different from giving answers. I started the semester with a 

strict rule against “telling.” I aimed to use questions only to direct the class's attention, amplify 

students' ideas, or ask for clarification. Later in the semester, under time pressure, I accepted the 

necessity of a small amount of judicious telling, as advocated by Smith in [8].  It was more important to 

finish the project than to follow my own rules absolutely. The telling I did was oriented toward goals 

the class had formulated independently. Much of it was simply reminding them of information they had 
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already discovered. I wanted to show complete respect for the students' ideas, not to herd them down 

my preferred path. 

 

Leading an effective class session, even leading it from behind, requires just as much skill as giving a 

good lecture. It takes presence of mind to see the possibilities in a thread of discussion. Students will 

only see one piece of a proof at a time. With greater research experience, an instructor is better at 

seeing the whole. A practiced mathematician can track the students' progress, the promising leads and 

blind alleys, as with any other long-term research project. The instructor can help organize students' 

thoughts. This is an area in which our experience as researchers can help prepare us for inquiry-based 

instruction. 

 

Student Experiences 

One unforeseen benefit of the semester was the chance to watch research happen. I knew the problem 

well and watched the students closely. It was like seeing mathematical discovery happen in a petri dish. 

I saw a mathematical collaboration take on a life of its own. Sometimes the class raced to a proof 

before any individual fully understood it. They answered some hard questions much faster than I 

expected, and were slow to answer some easy ones. Students focused on the next step and sometimes 

did not appreciate the significance of results they already had. As the sum of squares project grew 

larger, its complexity became an obstacle. Good ideas sometimes got lost in the shuffle. I realized that 

the skill of organizing a systematic investigation, testing every available approach, and not repeating 

mistakes, is something mathematicians learn but rarely teach. One can only learn to do this from 

tackling a big project.  

 

And of course they will get stuck! It's part of the process: stuckness and frustration are integral to 
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mathematical research. Persistence in the face of frustration was a great predictor of success in the 

course. One student said that he considered dropping the course, but stayed on out of stubbornness and 

eventually got the hang of it. The students learned that even when they couldn’t see the next step, they 

needed to keep the discussion going, not to retreat into themselves. Most felt buoyed by a sense of 

incremental progress. Getting stuck was essential to students' experience of the course. If a good idea 

came along to unstick them—whether from themselves, a peer, or me—they appreciated and 

understood it more because they had been stuck. 

 

Throughout the semester, I was concerned that students might try to look up answers to the sum of 

squares question when they felt stuck. As it turned out, I don't think this was an issue. At the beginning 

of the semester, I told the class that the answer appears in some number theory texts, and that I trusted 

them not to look. Students embraced the ethos of working from scratch, and did very little reading for 

the course. The fact that the sums-of-squares project was broken into small steps made it more difficult, 

and less tempting, to look up the answer. Looking up, reading, and fully understanding a proof might 

feel just as difficult as creating it. The course grade was based greatly on effort and class participation, 

and on assignments separate from the from-scratch project. It would not have particularly rewarded 

cheating. 

 

Course evaluations indicated that students found the course unique and were grateful to have taken it. 

They reported that the class moved slower, and covered less material than their typical math courses, 

but they understood the material better. They didn’t want all their math classes to be from scratch but 

they liked having the experience. Marrongelle and Rasmussen identify a continuum in active learning 

models, from all lecture to all student discovery [6]. The from-scratch model is at the extreme of this 

continuum, and works best as a complement to more traditional coursework. In the end, productive 
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mathematics is mostly not done from scratch. It is embedded in a community and a context of shared 

knowledge. The undergraduate curriculum contains chains of ideas too big to develop from scratch. But 

still, the from-scratch mentality is something most mathematicians appreciate and try to adopt when we 

want to think about a question freshly. As active learning becomes part of many math courses, from-

scratch courses are a promising option, giving students the chance to delve deeply into mathematical 

discovery.  
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