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Abstract. We find explicit formulas for, and examples of, quadratic
double Dirichlet series over function fields of elliptic curves. We comment
on the meaning of the series coefficients as geometric invariants of the
curve, and solve the system of recursive relations between them.

1. Introduction

The aim of this paper is to explicitly compute multiple Dirichlet series

over the function fields of elliptic curves C/Fq. The series we consider are

known to be rational functions, by work of Fisher and Friedberg [FF04].

However, explicit formulas have never appeared in the literature. We inter-

pret the geometric meaning of the coefficients and closely examine recursive

relations between them in order to produce such formulas. This paper fo-

cuses on the example of quadratic double Dirichlet series over genus 1 func-

tion fields, but our approach can be used as a template to compute more

complicated multiple Dirichlet series over function fields of any genus.

Multiple Dirichlet series, initially used by Goldfeld and Hoffstein [GH85]

as a tool to find moments in families of L-functions, are now studied as

objects of independent interest. In the most general modern constructions,

due to Brubaker, Bump, Friedberg [BBF11], Chinta, Gunnells [CG10], and

others, the input is a global field K, an integer n, and a root system Φ of

rank r; the output is a Dirichlet series in r variables, with nth order Gauss

sums as coefficients. The series has meromorphic continuation to Cr and

group of functional equations isomorphic to the Weyl group of Φ. It obeys a

twisted multiplicativity law, and is closely related to a Whittaker coefficient

of an Eisenstein series on the n-fold metaplectic cover of the algebraic group

corresponding to Φ.

In two influential papers, Fisher and Friedberg examine multiple Dirich-

let series over function fields. In [FF04], they study the quadratic (n = 2)

double Dirichlet series with Φ = A2. In [FF03], they consider a series of

quadratic twists of a fixed GL2 L-function–when the L-function comes from
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2 I. WHITEHEAD

an Eisenstein series, this is the quadratic A3 Weyl group multiple Dirichlet

series. In both cases, they establish that the series is a rational function

and compute its denominator and group of functional equations. It is ex-

pected that Weyl group multiple Dirichlet series over function fields should

always be rational functions. In many cases, this can now be inferred directly

from analytic properties proven over all global fields, together with the fact

that the function field series are power series. Results establishing the ra-

tionality of function field multiple Dirichlet series, their denominators, and

their functional equations have strong parallels with the Weil conjectures

for single-variable zeta functions of algebraic varieties.

Function field multiple Dirichlet series are of particular interest because

they can be used to prove results which are still out of reach in the number

field setting. For example, Bucur and Diaconu [BD10] find the fourth mo-

ment of quadratic L-functions over the function field of P1, using a series

related to the D̃4 Kac-Moody root system.

Fisher and Friedberg give examples of multiple Dirichlet series over the

rational function field and the function field of the elliptic curve y2 ≡ x3−x−
1 mod 3, which has only one rational point. For more complicated curves

C, the computations quickly become cumbersome. A series coefficient cj,k

21 is related to the sum, over all double covers C ′ of C ramified in k points,

of the number of divisors of degree j on C ′. The rationality of the series

implies a system of recursive relations between these geometric invariants

of the curve–indeed, that all the cj,k’s are determined by a finite set, a fact

which does not seem clear a priori. For genus 1 curves C, we are able to

solve this recursion completely and give explicit formulas for the multiple

Dirichlet series in terms of a minimal set of undetermined coefficients. We

are also able to compute the undetermined coefficients in many examples

when q is small. The general formulas are very lengthy, so they have been

relegated to the author’s website, math.umn.edu/~iwhitehe. This paper

concludes with several examples when q = 5.

In a preprint completed before this article, Lee and Yao [LY] also examine

double Dirichlet series over genus 1 function fields. Their construction is

very different, allowing twists by arbitrary Hecke characters and using an

S-unit group in which all rational points on the curve are inverted. Since the

choice of S-unit group is essential to the formula, their series does not equal

ours except in a few special cases. Their formula is more general and more

canonical, but, as q grows large, much less explicit. It would be interesting

to further compare the two.

math.umn.edu/~iwhitehe
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Some questions for further research: first, if we transfer the methods

of this paper to multiple Dirichlet series for arbitrary root systems, over

function fields of genus g, what is the general shape of the family of co-

efficients undetermined by the recursions? What is the general geometric

interpretation of the coefficients?

Second, in her thesis [Fri13], Friedlander examines twisted multiple Dirich-

let series over the rational function field, and obtains coefficient relations

very similar to the ones here. Is there an underlying relationship between

twisted multiple Dirichlet series over P1 and multiple Dirichlet series over

elliptic and hyperelliptic curves, analogous to the relationship between qua-

dratic Dirichlet L-functions and zeta functions of quadratic fields?

Finally, in the spirit of the Weil conjectures, one could ask about the

geometry of the vanishing locus of the double Dirichlet series. This paper,

for the first time, furnishes enough examples to study the question seriously.

Alternately, one could ask for the strongest possible bounds on the coeffi-

cients cj,k. Are they on the order of q
1
2

(j+k)? Can an estimate be obtained

directly from the Riemann hypothesis for function field zeta functions, or

are other techniques required?

Acknowledgements. This paper emerged from conversations with Holley

Friedlander, whose insights helped me understand the significance of the

problem. Thanks to Solomon Friedberg for the mathematics underpinning

this project, and for many interesting discussions. René Schoof’s advice on

S-unit groups was invaluable. I am grateful for the guidance and support

of Adrian Diaconu, Benjamin Brubaker, and Dorian Goldfeld.

2. Preliminaries and Notations

Let q be a prime power congruent to 1 modulo 4, and let C be an elliptic

curve y2 = x3 + ax+ b defined over Fq. Let O = Fq[x, y]/(y2 − x3 − ax− b)
be the ring of regular functions on C, and let K be its field of fractions.

The group of rational points on the curve is

(1) C(Fq) ∼= Z/n1Z× Z/n2Z

where n2|n1. For our purposes, a divisor D =
∑
aPP is a finite formal

sum of points on C(F̄q) − {∞}; its degree is |D| =
∑
aP . Gal(F̄q/Fq)-

invariant divisors correspond to fractional ideals in K. Effective Galois-

invariant divisors, with all aP > 0, correspond to ideals of O. Places v are

divisors formed by summing over the Galois orbit of a single point; these

correspond to prime ideals. A rational function f ∈ K× defines a fractional
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ideal (f), which corresponds to a divisor div(f) =
∑

ordP (f)P . If we take

the group of divisors modulo principal divisors, Div(C)/K×, we obtain the

ideal class group Cl(O) ∼= C(Fq).
Given f ∈ O, the degree of f is the order of its pole at ∞, easily com-

puted since deg x = 2, deg y = 3. This also corresponds to |div(f)|. The

polynomial f is monic if its highest degree coefficient is 1. Given a place v

and an f ∈ K×, regular at v, we define the quadratic residue symbol:

(2) χf (v) =

(
v

f

)
=

{
1 if f ∈ (O/v)×2

−1 if f ∈ (O/v)× − (O/v)×2

0 if f ≡ 0 ∈ O/v
and extend this definition to all divisors D (disjoint from the poles of f) via

χf (D1 +D2) = χf (D1)χf (D2). For two monic regular functions f1, f2 we set

χf2(f1) = χf2(div(f1)). We have the following simple quadratic reciprocity

law:

(3)

(
f1

f2

)
=

(
f2

f1

)
.

Let S be a set consisting of the point ∞ and generators for the class

group: P1, P2, or just P1 if n2 = 1. Let Div+(C − S) be the set of Galois-

invariant effective divisors on the curve with S removed, which correspond

to ideals in the S-unit ring OS. For D ∈ Div+(C − S) we have

(4) D + a1P1 + a2P2 ≡ ∞ or D + a1P1 ≡ ∞

for some ai, where the congruence is in the group law of the curve. The

choice of ai is unique up to multiples of ni. If we choose ai positive, there is

a unique monic polynomial fD ∈ O vanishing at the divisor D+a1P1 +a2P2

or D + a1P1. (OS is a principal ideal domain.) We set a0 = − deg fD =

−|D| − a1 − a2.

For any monic f ∈ O, define the partial L-function:

(5) L(u, χf ) =
∑

D∈Div+(C−S)

χf (D)u|D| =
∏

v∈Div+(C−S) prime

(1− χf (v)u|v|)−1

(this is usually written as a series in q−s, for which we substitute the variable

u). It is a polynomial or rational function of u, with a functional equation.

For now, assume that f has only simple zeroes on C − S. We define the

following Euler factors at points of S:

L∞(u, χf ) =

{
(1− u)−1 if ∞ splits in K(

√
f)⇔ deg(f) even

1 if ∞ ramifies in K(
√
f)⇔ deg(f) odd

(6)

LPi(u, χf ) =

{
(1− u)−1 if Pi splits in K(

√
f)

(1 + u)−1 if Pi inert in K(
√
f)

1 if Pi ramifies in K(
√
f)⇔ ai odd

(7)
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and define the completed L-function L̂(u, χf ) = L(u, χf )
∏

P∈S LP (u, χf ). If

C ′ is the double-cover of C obtained by adjoining
√
f to K, then L̂(u, χf ) =

ζC′(u)/ζC(u), the ratio of zeta functions of the curves. We have ζC( 1
qu

) =

ζC(u) and ζC′(
1
qu

) = (
√
qu)(2−2gC′ )ζC′(u) so

(8) L̂(
1

qu
, χf ) = (

√
qu)(2−2gC′ )L̂(u, χf )

where gC′ is the genus of C ′. By Hurwitz’s theorem, 2gC′ − 2 is the number

of ramification points of C ′ over C. This is the degree of div(f) restricted

to C − S, since we have assumed that f has only simple zeroes here, plus

one for each point of S where f has odd order.

Finally, we define a modified residue symbol
(
D
f

)′
. This is for the case

when D and div(f) have higher order points in common. If D and f have

odd order at the same point, then the symbol is still zero, but otherwise

we may find rational functions f1 and f2 such that D + div(f 2
1 ), div(ff 2

2 )

have disjoint supports. Then
(
D+div(f21 )

ff22

)
is well-defined and nonzero. Next

suppose D =
∑
aPP and div(f) =

∑
bPP . Define A = q

1
2

∑
P∈C−S min(aP ,bP )

if all the summands min(aP , bP ) are even, and A = 0 otherwise. Then

(9) χ′f (D) =

(
D

f

)′
=

(
D + div(f 2

1 )

ff 2
2

)
A.

The correction factor A is defined so that higher-order zeroes of f on C−S
will contribute to the degree of the L-function L(u, χ′f ). If f vanishes with

odd multiplicity bv at a place v ∈ C−S then using modified residue symbols

essentially adds an Euler factor of

(10) Lv(u, χ
′
f ) = 1 + (qu2)|v| + (qu2)2|v| + · · ·+ (qu2)(bv−1)|v|/2

instead of Lv(u, χf ) = 1. If f vanishes with even multiplicity bv then we

have

(11) Lv(u, χ
′
f ) = 1 + (qu2)|v| + (qu2)2|v| + · · ·+ (qu2)(bv)|v|/2

1± u|v|

instead of Lv(u, χf ) = (1±u|v|)−1. Let Q(u, χ′f ) =
∏

v∈C−S,ordvf>1 Lv(u, χ
′
f ).

Then L(u, χ′f ) = L(u, χf )Q(u, χ′f ) has a functional equation whose degree

is |div(f |C−S)| plus one for each point of odd order in S.

3. Functional Equations

Suppose (δ0, δ1, δ2) or (δ0, δ1) ∈ {±1}|S|, and let

(12) Div+(C − S)(δi) = {D ∈ Div+(C − S) : (−1)ai = δi}.

Recall that for i 6= 0, ai is defined up to multiples of ni, so when ni is odd

the parity of ai is not well-defined. In this case our convention will be that
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a divisor D lies in multiple sets Div+(C − S)(δi). If we have specified that

D ∈ Div+(C − S)(δi), then we associate to D the minimal nonnegative ai

with parity δi, and the corresponding monic polynomial fD. We now define

the series

(13) Z(δi),(εi)(u, v) =
∑

D∈Div+(C−S)(δi)
E∈Div+(C−S)(εi)

(
fD
fE

)′
u|D|v|E|.

Our goal is to study these series via functional equations. Let us immediately

note that these series belong to the vector space V of multiple Dirichlet

series studied by Fisher and Friedberg in [FF04]. Fisher and Friedberg give

a proof that such series have meromorphic continuation to C2 and are in

fact rational functions. We will not reproduce their proof–our focus is on

the coefficient recursions implied by the functional equations, and to what

extent they determine the resulting series.

One can see directly from properties of function field L-functions that

Z(δi),(εi)(u, v) have meromorphic continuation to |uv| < q−3/2, with at most

simple poles along u = q−1, v = q−1. The functional equations are as follows:

first, by the quadratic reciprocity law, we have

Proposition 3.1.

(14) Z(δi),(εi)(u, v) = Z(εi),(δi)(v, u).

Next, let ψ : {±1}|S| → {±1} be a character, corresponding to (ψi)

under the obvious identification of {±1}|S| with its dual. Fix (εi). Then we

have the following:

Proposition 3.2. The series

(15)

 ∑
(δi)∈{±1}|S|

ψ(δi)Z(δi),(εi)(u, v)

∏
i

u(εi−1)/4(1− ψiu)−(εi+1)/2

is invariant under (u, v) 7→ (1/qu,
√
quv).

These two transformations generate a group of symmetries isomorphic

to D6, the dihedral group of order 12.

We will briefly justify the functional equation 15 in the case when n2 = 1.

Fix E ∈ Div+(C − S)(ε0,ε1) and consider the sum

(16) λ(u) =
∑

(δ0,δ1)

ψ(δ0, δ1)
∑

D∈Div+(C−S)(δ0,δ1)

(
fD
fE

)′
u|D|.
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If n1 is odd, this sum double-counts each divisor D, and simplifies as:

λ(u) =
∑

D∈Div+(C−S)

(
D

fE

)′
u|D|ψ

|D|
0 (1 + ψ0ψ1χ

′
fE

(P1))

=

{ 2L(ψ0u, χ
′
fE

) if χ′fE(P1) = ψ0ψ1

L(ψ0u, χ
′
fE

) if χ′fE(P1) = 0
0 if χ′fE(P1) = −ψ0ψ1

.(17)

If n1 is even, then the parity δ1 of a divisor D at P1 is well-defined. In fact,

we have a character η1(D) = δ1, which factors through the class group, and

hence corresponds to a quadratic extension of K within the Hilbert class

field. In this case:

λ(u) =
∑

D∈Div+(C−S)

(
D

fE

)′
u|D|ψ

|D|
0 ·

{
1 if η1(D) = 1

ψ0ψ1χfE(P1) if η1(D) = −1

=

{ L(ψ0u, χ
′
fE

) if χfE(P1) = ψ0ψ1
1
2
(L(ψ0u, χ

′
fE

) + L(ψ0u, η1χ
′
fE

)) if χfE(P1) = 0
L(ψ0u, η1χ

′
fE

) if χfE(P1) = −ψ0ψ1

.(18)

In all cases, if we set λ̂(u) = λ(u)(1 − ψ0u)−(1+ε0)/2(1 − ψ1u)−(1+ε1)/2 we

conclude that

(19) λ̂(u) = (
√
qu)|E|+1−(ε0+ε1)/2λ̂(1/qu)

which implies equation 15. The twist by η1 does not affect the degree of the

functional equation because η1 is unramified everywhere. The proof in the

case when n2 > 1 is similar.

We denote the power series coefficients of Z by

(20) cj,k,(δi),(εi) =
∑

D∈Div+(C−S)(δi),|D|=j
E∈Div+(C−S)(εi),|E|=k

(
fD
fE

)′
.

The functional equations and polar behavior of the Z(δi),(εi) (in particular

the fact that it has only simple poles at u = q−1 and v = q−1) imply that

cj,k,(δi),(εi) can be computed recursively whenever j < k or j > (k + |S|)/2.

As a result, we have explicit formulas for the series in terms of a finite set

of undetermined coefficients, which depend upon the geometry of the curve

C and set S. This fact is encoded in the following theorem:

Theorem 3.3. If C is cyclic, then all the coefficients cj,k,(δi),(εi) are uniquely

determined by c1,0,(δi),(εi), c1,1,(δi),(εi), and c2,2,(δi),(εi). Otherwise, all coeffi-

cients are determined by c1,0,(δi),(εi), c1,1,(δi),(εi), c2,1,(δi),(εi), c2,2,(δi),(εi), and

c3,3,(δi),(εi).
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To understand the geometric significance of these coefficients, we set

Σ0 = {1}, and for 1 ≤ i ≤ |S| set Σi = {1} if ni is odd and Σi = {±1} if ni

is even. Then let

(21) cj,k =
∑

δi,εi∈Σi

cj,k,(δi),(εi)

Thus cj,k counts every divisor D of degree j and every divisor E of degree k

in Div+(C−S) exactly once. If j = 1, c1,k represents the sum, over all double

covers C ′ of C with arbitrary ramification in S but exactly k ramification

points outside of S, of #(C ′ − S ′)(Fq) − #(C − S)(Fq) (here S ′ is the set

of points above S). Roughly speaking, this is the total deviation from the

expected number of Fq-points on double covers. In the genus 0 case, when

C = P1 and S has only one point, it would be zero. For general j, cj,k

is the sum over double covers C ′ of the jth coefficient of the L-function

corresponding to the cover. If we multiply the series by the zeta function of

C − S, the resulting coefficients give the sum over double covers C ′ of the

number of divisors of degree k on C ′.

One further complication in the coefficients cj,k comes from our use of

the modified residue symbol
(
D
f

)′
. This differs from the usual

(
D
f

)
pre-

cisely on double covers C ′ which are singular curves. We conjecture that

the modified residue symbol gives the correct coefficient on an appropriate

desingularization of C ′.

4. Table of Examples

Let Σi be as above and let

(22) Z(u, v) =
∑

δi,εi∈Σi

Z(δi),(εi)(u, v) =
∑
j,k

cj,ku
jvk.

We demonstrate the results of our investigation by giving explicit formu-

las for Z(u, v) for several elliptic curves over F5. For the first example, we

also give a plot of the (real) zero locus of Z. General formulas valid for all

elliptic curves, in terms of the finitely many undetermined coefficients, are

available at the author’s website, iwhitehead.wordpress.com, but are too

lengthy to print here. In all examples below, the undetermined coefficients

were computed easily in Sage. Our strategy was to produce lists of fD and

fE in low degrees as global sections of the corresponding line bundles on C,

and then to evaluate the quadratic symbols via resultants.

iwhitehead.wordpress.com
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Figure 1. Real zero locus of Z for the curve y2 = x3 + 2x over F5

For C : y2 = x3 + 2x with group Z/2 generated by the point (0, 0),

Z(u, v) = (1− 5u)−1(1− 5v)−1(1− 125u2v2)−1(1− 5u− 5v + 9u2 + 25uv

+ 9v2 − 5u3 − 45u2v − 45uv2 − 5v3 + 25u3v − 121u2v2 + 25uv3 + 573u3v2

+ 573u2v3 − 820u4v2 − 2513u3v3 − 820u2v4 − 100u5v2 + 3940u4v3

+ 3940u3v4 − 100u2v5 − 4500u5v3 − 875u4v4 − 4500u3v5 + 5000u6v3

+ 22375u5v4 + 22375u4v5 + 5000u3v6 − 28125u6v4 − 35875u5v5 − 28125u4v6

+ 15625u7v4 + 35625u6v5 + 35625u5v6 + 15625u4v7 − 78125u7v5

− 153125u6v6 − 78125u5v7 + 140625u7v6 + 140625u6v7 − 78125u7v7)
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For C : y2 = x3 + 4x+ 2 with group Z/3 generated by (3, 1),

Z(u, v) = (1− 5u)−1(1− 5v)−1(1− 125u2v2)−1(1− 4u− 4v + 2u2 + 15uv + 2v2

− 5u3 − 6u2v − 6uv2 − 5v3 + 10u3v − 124u2v2 + 10uv3 − 25u4v + 356u3v2

+ 356u2v3 − 25uv4 + 120u4v2 − 670u3v3 + 120u2v4 + 500u5v2 − 50u4v3

− 50u3v4 + 500u2v5 − 3750u5v3 − 850u4v4 − 3750u3v5 + 3125u6v3

+ 17750u5v4 + 17750u4v5 + 3125u3v6 − 31250u6v4 − 105000u5v5 − 31250u4v6

+ 15625u7v4 + 100000u6v5 + 100000u5v6 + 15625u4v7 − 62500u7v5 − 134375u6v6

− 62500u5v7 + 31250u7v6 + 31250u6v7 − 78125u7v7)

For C : y2 = x3 + 1 with group Z/6 generated by (2, 2),

Z(u, v) = (1− 5u)−1(1− 5v)−1(1− 125u2v2)−1(1− u− v + 5u2 − 21uv + 5v2

− 5u3 + 27u2v + 27uv2 − 5v3 − 105u3v − 363u2v2 − 105uv3 + 100u4v + 529u3v2

+ 529u2v3 + 100uv4 − 410u4v2 + 1771u3v3 − 410u2v4 − 1300u5v2 − 4380u4v3

− 4380u3v4 − 1300u2v5 + 7250u5v3 + 29625u4v4 + 7250u3v5 + 2500u6v3

− 36125u5v4 − 36125u4v5 + 2500u3v6 + 3125u6v4 + 107375u5v5 + 3125u4v6

+ 15625u7v4 − 99375u6v5 − 99375u5v6 + 15625u4v7 − 15625u7v5 + 15625u6v6

− 15625u5v7 + 78125u7v6 + 78125u6v7 − 78125u7v7)

For C : y2 = x3 + x+ 1 with group Z/9 generated by (0, 1),

Z(u, v) = (1− 5u)−1(1− 5v)−1(1− 125u2v2)−1(1 + 2u+ 2v − 16u2 − 51uv − 16v2

− 5u3 + 128u2v + 128uv2 − 5v3 − 50u3v − 102u2v2 − 50uv3 − 75u4v − 1088u3v2

− 1088u2v3 − 75uv4 + 2790u4v2 + 9770u3v3 + 2790u2v4 + 500u5v2 − 16550u4v3

− 16550u3v4 + 500u2v5 − 3000u5v3 + 3950u4v4 − 3000u3v5 + 9375u6v3

+ 106750u5v4 + 106750u4v5 + 9375u3v6 − 53750u6v4 − 558750u5v5 − 53750u4v6

+ 15625u7v4 + 68750u6v5 + 68750u5v6 + 15625u4v7 + 31250u7v5 − 178125u6v6

+ 31250u5v7 − 250000u7v6 − 250000u6v7 − 78125u7v7)
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For C : y2 = x3 +4x with group Z/4×Z/2 generated by (2, 1) and (1, 0),

Z(u, v) = (1− 5u)−1(1− 5v)−1(1− 125u2v2)−1(1 + 2u2 − 27uv + 2v2 − 8u3 + 22u2v

+ 22uv2 − 8v3 + 5u4 − 36u3v − 188u2v2 − 36uv3 + 5v4 − 130u4v − 36u3v2

− 36u2v3 − 130uv4 − 325u5v + 568u4v2 + 2124u3v3 + 568u2v4 − 325uv5

+ 1480u5v2 + 3292u4v3 + 3292u3v4 + 1480u2v5 + 400u6v2 − 15480u5v3 − 48168u4v4

− 15480u3v5 + 400u2v6 − 12250u6v3 + 146898u5v4 + 146898u4v5 − 12250u3v6

+ 9250u7v3 + 74310u6v4 + 41000u5v5 + 74310u4v6 + 9250u3v7 − 53250u7v4

− 2076950u6v5 − 2076950u5v6 − 53250u4v7 − 8125u8v4 + 296250u7v5 + 10162000u6v6

+ 296250u5v7 − 8125u4v8 + 162500u8v5 − 2361000u7v6 − 2361000u6v7 + 162500u5v8

− 78125u9v5 − 270000u8v6 + 8025000u7v7 − 270000u6v8 − 78125u5v9 + 156250u9v6

+ 2212500u8v7 + 2212500u7v8 + 156250u6v9 + 156250u9v7 − 18578125u8v8 + 156250u7v9

+ 5156250u9v8 + 5156250u8v9 − 50390625u9v9)
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